Abstract. This paper investigates the extent to which an Abelian group A is determined by the homomorphism groups Hom(A, G).
Introduction
Fuchs' Problem 34 asks whether there exists a set X of Abelian groups such that Hom(A, G) ∼ = Hom(C, G) for all G ∈ X implies A ∼ = B. Goeters and the author showed in [3] that, for every set X of p-groups, there exist non-isomorphic totally projective p-groups A and C such that Hom(A, G) ∼ = Hom(C, G) for all G ∈ X . Nevertheless, reduced p-groups A and C such that Hom(A, G) ∼ = Hom(C, G) for all cyclic groups G have the same n th -Ulm-Kaplansky invariants for all n < ω provided that one assumes GCH [3] .
A class C of Abelian groups is a Fuchs 34 class if A and C in C are isomorphic if and only if Hom(A, G) ∼ = Hom(C, G) for all G ∈ C. Corollary 2.3 shows that the classes of torsion-complete and Σ-cyclic p-groups are Fuchs 34. On the other hand, the class of totally projective p-groups is not Fuchs 34: Reduced p-groups A and C satisfy Hom(A, G) ∼ = Hom(C, G) for all p-groups G if and only if they have the same n th -Ulm-Kaplansky-invariants for all n < ω and the same final rank (Theorem 2.4). In particular, the Σ-cyclic p-groups are the largest Fuchs 34 class of p-groups which contains all cyclic groups and is closed with respect to direct sums. Theorem 2.7 shows that there exist non-isomorphic adjusted cotorsion groups A and C such that Hom(A, G) ∼ = Hom(C, G) for all cotorsion groups G. Thus, the class of (adjusted) cotorsion groups is not Fuchs 34. The author wants to thank K. Rangaswamy for suggesting the discussion of cotorsion groups in the context of Problem 34.
The class G of mixed Abelian groups introduced by Glaz and Wickless in [6] is a Fuchs 34 class (Corollary 3.5). Its elements are the pure subgroups of Π p G p with finite torsion-free rank such that |G p | < ∞ for all primes p and Hom(G, tG) is torsion. Homological properties of the groups in G were investigated in [1] , and we will refer to the results of this paper frequently. As a consequence of our discussions, we obtain a complete set of numerical invariants for the groups in G (Theorem 3.3 and Corollary 3.4).
p-groups
In order to avoid the set-theoretic difficulties in [3] , Fuchs suggested replacing the requirement Hom(A, G) ∼ = Hom(C, G) for all G ∈ X by Hom(A, ⊕ I G) ∼ = Hom(C, ⊕ I G) for all index sets I and all G ∈ X since cardinals α and β such that κ α = κ β for all infinite cardinals κ satisfy α = β. The author wants to thank Gary Gruenhage for pointing out that this result holds in ZF C.
Every unbounded Σ-cyclic p-group B can be written as B = n<ω B n with B n = κn Z/p sn Z for n < ω where κ n is a non-zero cardinal and 0 < s 0 < s 1 < . . . are integers. By [5, Corollary 33.3] , B is a basic subgroup of the torsion subgroup of A = n<ω B n . Choose a free subgroup F of A such that B ⊕ F is a p-basic subgroup of A. The rank of F was incorrectly given as n<ω κ n in [5] .
For any sequence {α n } n<ω of cardinals, let π(
Finally, the symbol r 0 (G) denotes the torsion-free rank of the abelian group G. As a Z/pZ-vector-space, D/pD has dimension π({κ n }). On the other hand,
Let µ and ν be cardinals. As in [5] , define
Proposition 2.2. The following are equivalent for reduced p-groups A and C:
Proof. From [5] , we obtain that the basic subgroup B of a p-group A has the form 
Because none of the above invariants changes if A is replaced by C, the algebraically compact groups Hom(A, G) and Hom(C, G) have isomorphic basic submodules. This is only possible if they are isomorphic. Since c) ⇒ b) is obvious, it remains to show that b) implies a). For this, consider n < ω, and let G = κ Z/p n+2 Z. Choose a basic subgroup B of A and observe that
Consequently, f n (C) has to be finite, and f n (A) = f n (C). On the other hand, if f n (A) is infinite, then f n (C) has to be infinite too. Let κ be infinite, and
for all infinite cardinals κ, i.e. f n (A) = f n (C) by the introductory remarks.
Corollary 2.3. The classes of torsion-complete and Σ-cyclic p-groups are Fuchs 34 classes.
Proof. The class of torsion-complete groups contains all bounded p-groups. Since Σ-cyclic and torsion-complete p-groups are determined up to isomorphism by their finite Ulm-Kaplansky-invariants, an application of Proposition 2.2 completes the proof.
We now turn to the question of which other invariants of a p-group A are determined by Hom(A, G):
Theorem 2.4. The following are equivalent for reduced p-groups A and C:
Proof. a) ⇒ c): Because of Proposition 2.2, it remains to consider the case that G is a divisible p-group. We choose lower basic subgroups B and D of A and C respectively, i.e.
Let G be a torsion-free group, and 0 → G → I Q → E → 0 an exact sequence with E torsion. It induces the sequence 0 = Hom(A, 
Consider lower basic subgroups B and D of A and C respectively.
As in the proof of Proposition 2.2, one obtains α = β. If A has finite final rank, then A is bounded, and the same has to hold for C, since A and C have isomorphic basic subgroups by what has been shown so far. In particular, both A and C have final rank 0. Hence, we may assume that A and C are both unbounded. Choose E in such a way that κ is infinite.
Since A and C have isomorphic basic subgroups B and D, we may rewrite these
where γ n is a non-zero cardinal for all n < ω, and
On the other hand, Hom(A/B, E) is a torsion-free algebraically compact group which is the completion of d(λA,κ) J p (see [5] ). Therefore, every p-basic subgroup of Hom(A, E) has torsion-free rank d(λ A , κ) + π({λ n }). In the same way, the torsion-free rank of a p-basic subgroup of
On the other hand, for infinite γ n 's, we obtain λ n = [2κ] γn = κ γn . In either case, λ n is infinite, and hence Proof. Obviously, the class of Σ-cyclic p-groups has the stated property by Theorem 2.4. Let C be any class with the above properties, and choose C ∈ C. The basic subgroup A of C is Σ-cyclic and satisfies f n (A) = f n (C) for all n < ω and f in r(A) ≤ f in r(C). Moreover, no generality is lost if we assume that
Since C contains all cyclic p-groups and is closed with respect to direct sums, λ A ∼ = λ C. Thus, C is Σ-cyclic. In particular, the last result shows that the class of (adjusted/reduced) cotorsion groups is not a Fuchs 34 class.
Fuchs' problem 34 in G
In [1] , it was shown that every group A ∈ G can be written as A = A 1 ⊕ . . . ⊕ A n where each A i is essentially indecomposable. Moreover, the A i 's are unique up to quasi-isomorphism after a possible reordering. We denote the embeddings and projections associated with this decomposition by δ b) Since G ∈ G, the group W has finite torsion-free rank, and there is a finitely A-generated subgroup U of W such that W/U is torsion. By [1, Theorem 2.2(a)], U ∈ G, and a) yields W = U + tW . c) Since G ∈ G, the group S A (tG) is a reduced A-generated torsion group and has the property that Hom(A, tG) is torsion by [ and in view of the fact that Hom(A, tG) is torsion, we obtain r 0 (Hom(A, G) 
Lemma 3.1. Let A and G be in G. a) If G is a subgroup of an Abelian group H such that H/G is torsion, then
Finally, let α ∈ Hom(A, G) and m be a non-zero integer.
We extend β to a mapβ :
The endomorphism ring of an Abelian group A will be denoted by E(A) or simply E if there is no possibility for confusion. Given an E-module M , the symbol M denotes the E = E/tE-module M/tM . Finally, N (R) is the nilradical of a ring R.
Lemma 3.2. Let A ∈ G and α :
Proof. a) Assume δ j απ i ∈ N , and observe that it has to have infinite order. Suppose there is σ ∈ E such that π i σδ j α ∈ N (E(A i )). Since E(A i ) is local, there is a map β ∈ E(A i ) such that βπ i σδ j α = 1 Ai . Hence, we can choose a non-zero integer k such that kβπ i σδ j α = k1 Ai . If we write
is one-to-one. Since δ j απ i has infinite order and (
) cannot be bounded. Hence, U has to be finite because A j is essentially indecomposable. Consequently, α| A (k) i is a quasiisomorphism, and
Consider the left ideal I = Eδ j απ i of E, and observe that I is a nil ideal by what has been shown so far. Since E is Artinian, I is nilpotent and I ⊆ N (E(A)) = N , a contradiction. b) Suppose that α has an unbounded kernel. Assume δ j απ i ∈ N , and consider σ ∈ E. If π i σδ j α ∈ N (E(A i )), then there is a map β ∈ E(A i ) such that βπ i σδ j α = 1 Ai . As in a), we obtain that α| A (k) i splits for some non-zero integer k. In particular, α has to have a bounded kernel, a contradiction. Thus, π i σδ j α ∈ N (E(A i )), and we obtain a contradiction arguing as in a). (Hom(B, G)) for all G ∈ G.
Proof. If A and B are torsion, then there is nothing to prove. Thus, assume that r 0 (A) > 0, and observe that B cannot be torsion since every torsion group in G is finite while tA is infinite. There are essentially indecomposable groups 
